
N U M E R I C A L  S O L U T I O N  TO T H E  P R O B L E M  OF 

T H E  C O M P L E T E  S T A B I L I Z A T I O N  OF A 

S U P E R S O N I C  B O U N D A R Y  L A Y E R  

S. A.  G a p o n o v  a n d  A. A. M a s l o v  UDC 532.501.34:532.517.2 

A method is sugges ted  for  solving numer ica l ly  the p rob lem of the complete  s tabi l izat ion of 
a supersonic  boundary layer .  It is shown that when the sur face  is s ignif icant ly cooled, the 
neutral  s tabi l i ty  curve  spli ts  into two branches .  A calculat ion is given for the t e m p e r a t u r e s  
of comple te  s tabi l iza t ion for both neutra l  cu rves .  A compar i son  of the r e su l t s  obtained with 
those der ived f rom asymptot ic  calculat ions shows that  above M = 2 (M is the Mach number) 
the asympto t ic  method gives i n c o r r e c t  r e su l t s .  

1. Lees  [1] was the f i r s t  to show that  intensive cooling can ensure  the complete  s tabi l i ty  of a su p e r -  
sonic l amina r  boundary l aye r  to smal l  two-dimensional  per turba t ions .  Calculations of  the c r i t i ca l  values 
of the sur face  t e m p e r a t u r e s  requ i red  for  the comple te  s tabi l izat ion of a boundary l aye r  at a f iat  plate have 
been  made by an asympto t i c  method [2-6]. The authors of this pape r  a r e  not aware  of any numer ica l  solu-  
t ion to the p rob lem.  

In the formula t ion  of the asymptot ic  method used in all  the above pape r s ,  i t  is r equ i red  that  the expan-  
sion p a r a m e t e r  e = (a  R)-l/2, where  a is the pe r tu rba t ion  wave number  and R is the Reynolds number,  should 
be sma l l  in compar i son  with unity. However,  for  Mach numbers  of 2"6, e va r i e s  f rom 0.34 to 0.47, i .e. ,  i t  
is not smal l ,  The re fo re  the r e su l t s  obtained in these pape r s  for  M > 2 m a y  be incor rec t .  

In this pape r  we sugges t  a method for solving numer ica l ly  the p rob lem of the complete  s tabi l izat ion of 
a boundary l aye r ;  this method does not r equ i re  any r e s t r i c t i ons  on the value of aR.  

2. F r o m  the asympto t ic  equations of Lees  [1], which a re  valid for  smal l  supersonic  Mach numbers ,  it 
can be shown that  the values  of a R  on the upper  and lower  asymptot ic  curves  of neutral  s tabi l i ty  tend to f i -  
nite and dif ferent  l imi t s .  As the sur face  t e m p e r a t u r e  is reduced,  the c r i t i ca l  Reynolds number  R * goes up 
and the two branches  of the neutral  curve get c l o se r  together ,  thus reducing the instabi l i ty  region.  At a 
ce r ta in  c r i t i ca l  t e m p e r a t u r e  T~ the b ranches  m e r g e  and the values of aR  on them coincide. Then there  
mus t  exis t  in the (Tw, c~R) plane a curve of values  of ~R on the asympto tes  on which the min imum value of 
T w gives the t e m p e r a t u r e  of comple te  s tabi l izat ion T~v. For  lower  t e m p e r a t u r e s  in a l amina r  boundary 
l aye r  of a v iscous  thermal ly-conduct ing  gas, neutral  or unstable supersonic  pe r tu rba t ions  cannot exis t  [1]. 
In o rder  to cons t ruc t  the cu rve  of the values of a R  on the asympto tes ,  we use  the Dun and Lin s y s t e m  of 
equations [4]. Since on the asympto tes  we can take [1] 

a = 0 ,  R = co, a R  : - c o n s t  

the Dun and Lin equations take the fo rm 
iP 

pO 1i (U o , c) u + U~~ + ~ = ~ R  uy~ (1) 

P v =  0 

(U ~ - -  c) p + p~~ + p~ (~u + v~) = 0 

p~ i~(u ~  c)0 + r~~ + (V-- l)(~u + %) = ~ Oyy 
p {} p 

po -~ T o pO 
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H e r e  U ~ p~ and T ~ a r e  the  t i m e - a v e r a g e d  ve loc i ty ,  d e n s i t y  and t e m p e r a t u r e ;  u, ~ v ,  p ,  0 ,  and P a r e  
the  p e r t u r b a t i o n s  in the  l ong i tud ina l  and t r a n s v e r s e  v e l o c i t i e s ,  d e n s i t y ,  t e m p e r a t u r e ,  and p r e s s u r e ;  y is  the  
d i s t a n c e  a long  the n o r m a l  to the  s u r f a c e ,  the s u b s c r i p t  y i n d i c a t e s  d i f f e r e n t i a t i o n ,  Y is  the a d i a b a t i c  con -  
s t an t ,  M is  the Mach number~ cr i s  the P r a n d t l  n u m b e r ,  /~ is  the  v i s c o s i t y ,  R i s  the  R e y n o l d s  n u m b e r ,  (~ i s  
the  wave  n u m b e r  of the  p e r t u r b a t i o n ,  and c = c r + ic i is  the  p e r t u r b a t i o n  p h a s e  v e l o c i t y  (at the  a s y m p t o t e s  
c = 1 - M-I) .  I t  i s  a s s u m e d  tha t  the p e r t u r b a t i o n s  v a r y  with  the  l o n g i t u d i n a l  c o o r d i n a t e  x and the t i m e  t in 
the  fo rm exp ic~(x - ct) .  A s i m i l a r  l i m i t i n g  t r a n s i t i o n  for  c a l c u l a t i n g  the  v a l u e s  of  a R  on the  a s y m p t o t e s  of 
the  neu t r a l  s t a b i l i t y  s u r f a c e  for  i n c o m p r e s s i b l e  l i qu id  flow is  u s e d  in  [7]. 

The b o u n d a r y  cond i t i ons  for  the  s y s t e m  (1) can  be  t a k e n  in the  f o r m  

u (0) = v (0) < % (0)  = 0 : (2) 

u, v, and 0 a r e  bounded  as  y ~oo .  I t  would a p p e a r  tha t  the  m o r e  c o r r e c t  b o u n d a r y  cond i t i on  on t e m p e r a t u r e  
p e r t u r b a t i o n s  should  be  0(0) = 0. The  cho i ce  of the  cond i t ion  0y(0) = 0 can  be  e x p l a i n e d  by  the f ac t  tha t  t h i s  
c a s e  has  been  b e t t e r  s t ud i ed  by  a s y m p t o t i c  m e t h o d s .  We can  t h e r e f o r e  m a k e  a d e t a i l e d  c o m p a r i s o n  of  the  
r e s u l t s  and g ive  a m o r e  c o r r e c t  d e c i s i o n  on the a p p l i c a b i l i t y  of the  a s y m p t o t i c  m e t h o d s .  

By i n t r o d u c i n g  the v a r i a b l e s  

z t = u,  z ~ =  u~, za = v, z ~ =  PI~IM ~, z ~ =  O, z 6 =  Ov 

we can  r e d u c e  the  s y s t e m  (1) to  the s ix  f i r s t - o r d e r  equa t ions  

6 

z~, = y ,  V~jzj, (~ = t . . . . .  6) (3) 

with the  b o u n d a r y  cond i t i ons  

z d 0 )  = z~(0) = z .  (0) = 0 

and zl ,  z3, and z 5 a r e  bounded  as  y - - -  ,~. 

Outs ide  the b o u n d a r y  l a y e r  the  s y s t e m  c o e f f i c i e n t s  a r e  c o n s t a n t s ,  and the so lu t i on  has  the  f o r m  

6 

z~ = ~ CjA(J)e 
1=1 

w h e r e  X t a k e s  the  v a l u e s  

(4) 

Since the  s o l u t i o n s  with X t and ~k 3 do not s a t i s f y  the b o u n d a r y  cond i t i ons  a[  inf in i ty ,  C 1 and C 3 m u s t  be 
i d e n t i c a l l y  equal  to zero~ The c h a r a c t e r i s t i c  v e c t o r s  A (2) and A (4} have  only  t h r e e  nonz e ro  c o m p o n e n t s  each :  

A[~) == i ,  A(2) = % v A(s2) = - - i / ~ 2  (5) 

A i  ~ = ~ / M ,  A i  ~) = ~, ,  A~') = X J .  

The c h a r a c t e r i s t i c  v e c t o r s  c o r r e s p o n d i n g  to X 5 and X G a r e  c o n v e n i e n t l y  t aken  as  

' A~ 6) = - -  M ,  A~ ") = A~ ") = 0 

A(a 6) = C5, Ai 6) = i ,  Ai 6) = (T - -  i)  M ~ . (6) 

C o m p a r i n g  the  so lu t ion  of (3) on the edge  of the  b o u n d a r y  l a y e r  (5) and (6) with the so lu t ion  of the  c o m -  
p le te  s y s t e m  of s t a b i l i t y  equa t ions  for  y - 5 (6 i s  the t h i c k n e s s  of the  b o u n d a r y  l a y e r )  with c~ = 0, c --- 1 - M  - i  
[8], we can  s e e  tha t  

C~ = lira l / t  - -  M~ (t - -  ~).2 

The e x i s t e n c e  of such  a l i m i t  ha s  been  shown in the a s y m p t o t i c  s o l u t i o n  of the p r o b l e m  of c o m p l e t e  

s t a b i l i z a t i o n  [9]. 

Each of t he  t h r e e  v e c t o r s  A (j) is  u s e d  as  in i t i a l  da t a  in the n u m e r i c a l  i n t e g r a t i o n  of (3) f rom the e x -  
t e r n a l  s u r f a c e  of the  b o u n d a r y  l a y e r  to  the  wal l .  If the  p a r a m e t e r  in f ron t  of the l e a d i n g  d e r i v a t i v e  (c~R) -1 
b e c o m e s  smM1, the  n u m e r i c a l  i n t e g r a t i o n  can  be c a r r i e d  out by  the  o r t h o g o n a l i z a t i o n  me thod  of Godunov 
[10]. Dur ing  the c a l c u l a t i o n  the  va lues  of c~R, Tw, and C 5 w e r e  c h o s e n  so as  to s a t i s f y  fo r  f ixed  
M the h o m o g e n e o u s  b o u n d a r y  cond i t ions  on the  s u r f a c e  of the p l a t e  [11]. 

1 6 5  



b 

.I' _ _  _.  . . . .  I _ _  , 

2 5 Sa 2 

L3 l,q L8 LB 

~ 5 7  i0~ I I I N  

2 1 - ~  M=Lq&q 

�9 5 - - -  

IZ 21 

'~'i,9 I L I L Z 10 

\ \ l  

l.,q zg r~ 

Fig .  1 F ig .  2 

8 t  

3 ,f 1/7 a 

2 8 ,e 

t , 

2 5 f 10~' 0 

ji/"~/ 
/ 

Z q E M 

Fig .  3 F ig .  4 

3. We took  the v a l u e s  cr = 0.75, T = 1 .4 ,and p = T ~-. In o r d e r  to d e t e r m i n e  the U ~, T ~ and p~ - the 
ve loc i t y ,  t e m p e r a t u r e ,  and  d e n s i t y  d i s k ' i b u t i o n  of the m a i n  flow - the  equa t ions  of  a l a m i n a r  b o u n d a r y  l a y e r  
on a f i a t  p l a t e  w e r e  a l s o  i n t e g r a t e d  m~mer ica l ly .  

F i g u r e  l a  shows the  l o w e r  b r a n c h  of the n e u t r a l  s t a b i l i t y ' c u r v e  for  M = 2.2 and T w = 1.82; F ig .  l b ,  c ,  
and d show the  b e h a v i o r  of Cr, oR,  and ~/1 - M2(1 - c ) 2 / a  with i n c r e a s e  in R. The l i m i t i n g  v a l u e s  of o R  and 
4 1  - M2(1 - c )2 /~  w e r e  ob t a ined  by  n u m e r i c a l  i n t e g r a t i o n  of (1). 

C u r v e s  showing the  v a r i a t i o n  of c~R on the a s y m p t o t e s  with s u r f a c e  t e m p e r a t u r e  a r e  g iven  in F ig .  2 
for  v a r i o u s  Mach n u m b e r s .  F o r  M = 1.429 and 2.2, t h e r e  i s  a t e m p e r a t u r e  r e g i o n  in which  four  v a l u e s  of 
a R  c o r r e s p o n d  to each  va lue  of Tw; th is  m e a n s  tha t  two ne u t r a l  s t a b i l i t y  c u r v e s  can  e x i s t .  Both of  t h e s e  
c u r v e s  w e r e  c a l c u l a t e d  f r o m  the Dan and Lin s y s t e m  with M = 2.2 and T w = 1.606 (Fig.  3). At the s u r f a c e  
t e m p e r a t u r e  f o r  which t h e r e  a r e  t h r e e  c o r r e s p o n d i n g  va lue s  of  oR,  t h e s e  c u r v e s  m e r g e  into each  o the r .  
The s e c o n d  c u r v e  2 r a p i d l y  d i s a p p e a r s  a s  the  t e m p e r a t u r e  is  r e d u c e d . ,  The f i r s t  n e u t r a l  c u r v e  1 con t inues  
to e x i s t  ove r  a c e r t a i n  t e m p e r a t u r e  r e n g e .  As  a R  i n c r e a s e s ,  the  c u r v e s  in F ig .  1 have  a s y m p t o t e s  a t  a 
c e r t a i n  t e m p e r a t u r e .  I t  c a n  be  shown f r o m  the L e e s  and Lin [9] equa t ions  tha t  th i s  i s  the  t e m p e r a t u r e  of 
c o m p l e t e  n o n v i s c o u s  s t a b i l i z a t i o n .  

As  the  Mach n u m b e r  M i n c r e a s e s ,  the  c o m p l e t e  s t a b i l i z a t i o n  t e m p e r a t u r e  of the  s e c o n d  n e u t r a l  c u r v e  
2 a p p r o a c h e s  the c o m p l e t e  nonv i scous  s t a b i l i z a t i o n  t e m p e r a t u r e ,  and the  c o r r e s p o n d i n g  t e m p e r a t u r e  of  the 
f i r s t  c u r v e  1 r e a c h e s  a v a l u e  even  h i g h e r  than t h i s .  When M = 3.2, the f i r s t  n e u t r a l  c u r v e  d i s a p p e a r s  a l t o -  
ge the r ,  and  only  one c u r v e  r e m a i n s , f o r  which a t  the a s y m p t o t e s  

J~ ~ 0, c--~ 1 - -  M-% ocB --> const.  

The  d i v i s i o n  into f i r s t  and s e c o r d  n e u t r a l  c u r v e s  is  qui te  a r b i t r a r y  but  i t  does  enab le  us  to fo l low the 
changes  in the  i n s t a b i l i t y  r e g i o n  a s  T w and M v a r y .  

F i g u r e  4 shows  the v a r i a t i o n  in the  c o m p l e t e  s t a b i l i t y  t e m p e r a t u r e  wi th  M. The n u m b e r s  1 and 2 i nd i -  
c a t e  the t e m p e r a t u r e s  fo r  the f i r s t  and s e c o n d  n e u t r a l  c u r v e s  t ha t  we have  ob t a ined  h e r e .  Curve  3 i s  the 
t e m p e r a t u r e  of c o m p l e t e  nonv i s eous  s t a b i l i z a t i o n  [3] and c u r v e  4 shows  the r e s u l t s  ob ta ined  by  the a s y m p t o t -  
ic me thod  [4]. 
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The comple te  s tabi l izat ion t e m p e r a t u r e s  of the f i r s t  curve  agree  with the asympto t ic  calculat ions up 
to M = 1.8. Above M -- 2, the re  is not even qualitative agreement .  The e r r o r  which appea r s  in the asympto t -  
ic methods is not only due to the dec r ea s e  in aR  ( increase in e = (aR) -1/2) .Despite the fact  that above M= 
2.7 the p a r a m e t e r  o~R obtained by numer ica l  calculat ions begins to inc rease ,  the di f ference between the 
numer ica l  and asymptot ic  r esu l t s  continues to get bigger.  As M i n c r e a s e s ,  the t e m p e r a t u r e  pe r tu rba t ions  
produce a g r e a t e r  effect  on the var ia t ions  in velocity, and this fact  is not taken into account in the asympto t ic  
methods.  
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